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Table 1 Comparison of results (Mach 20, 20 km)

Normalized distance from wall rn
&

0.0 0.50 1.0
Present Ref. 18 Present Ref. 18 Present Ref. 18

533.4 536.9 527.4 532.3 506.6 511.7

11.91 11.85 11.86 11.76 11.40 11.37
T(K)

Mole
fraction

0
02
N
N2
NO
e~

7283

0.2951
1.089-3
0.1967
0.4851
2.133-2
3.927-4

7395

0.2933
9.265-4
0.2003
0.4776
2.070-2
3.945-4

7252

0.2957
1.123-3
0.1915
0.4894
2.143-2
3.821-4

7388

0.2928
9.232-4
0.1996
0.4780
2.065-2
3.921-4

7243

0.2958
1.091-3
0.1931
0.4881
2.106-2
3.828-4

7357

0.2933
9.232-4
0.1970
0.4801
2.057-2
3.840-4

*rn' - 0 at the wall; rn = 1 at the shock.
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Fig. 4 Hypersonic inlet, Mach 20.

The temperature along much of the forebody surface is in
excess of 7000 K. Figure 4 shows equilibrium flow through a
hypersonic inlet at the same conditions. This problem was
chosen to demonstrate the code's ability to compute internal
as well as external flows. Only the upper half of the
axisymmetric inlet is shown. Some interesting flow phe-

nomenon is apparent, including a Mach stem and a reflected
shock. No significant problems were encountered when the
code was applied to these more complex configurations.

Conclusions
The objective of this work was to develop an algorithm that

could accurately predict inviscid, equilibrium, high Mach
number flows. That goal has been achieved. The method has
proved its ability to capture strong shocks. Solutions for a
generic axisymmetric hemisphere at Mach 20 compare well
with previously published results. The code has shown its
ability to be applied to both internal and external hypersonic
flows over a variety on configurations.
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qw = surface heat flux
T = nodal temperature
Taw = adiabatic wall temperature
T0 = initial condition for temperature
t = time variable
X = Cartesian coordinate with respect to fixed reference
a = thermal diffusivity
Ar = computing time interval
d = heat penetration depth
p = material density
(j)j = finite-element shape functions

Introduction

IN the inverse heat-conduction problem,1 the prediction of
transient wall heat flux is accomplished by inverting the

temperature history as measured by a thermocouple located at
the inner or outer surface of the solid material. The
finite-difference and finite-element methods2'3 have been the
predominant numerical techniques for the solution of the
inverse heat-conduction problem. A potential difficulty with
numerical techniques in the solution of the inverse
heat-conduction problem is the lack of a priori information
concerning the gradient in the dependent variable to be
estimated. Therefore, a predetermined distribution of nodal
points is either inadequate or computationally uneconomical.
What is needed is a method wherein the distribution of nodal
points is to be adjusted in response to the nature of the
computed solution.

Lynch and O'Neill4 have used continuously deforming finite
elements in space and a finite-difference scheme for the
integration in time to solve the Stefan problem. This method
has great intuitive appeal, provides a rationale and a mechan-
ism for generating difference equations on a nonuniform grid,
and also allows the use of higher elements in regions where they
are suited to the physics of the problem. In the absence of grid
deformation, the method reduces exactly to the conventional
Galerkin finite-element procedure.5 The particular method of
solution in time may still be specified by the user to suit the
detail of the specific problem; it is not dictated by the moving
mesh feature. *

The purpose of the present Note is to analyze an inverse
heat-conduction problem using a finite-element and deforming
grid technique in conjunction with measured thermocouple
temperature at the outer surface of the finite slab. An explicit
deformation pattern via a heat penetration depth concept6 is
employed for adequate modeling of the transient steep gradient
and the time delay in temperature response resulting from the
surface and thermocouple location. The proposed scheme is
shown to be accurate, efficient, and convenient.

Analysis
Consider the one-dimensional heat-conduction equation

with constant thermophysical properties of material. The
physical problem is that of a slab of finite thickness exposed to
a transient heat input at one surface and perfect insulation at
the other. For the system under consideration, the governing
heat-conduction equation is

s\ ̂ T p 'T'

with the boundary conditions

, dT(09t)
dX

8T(L9t)

= qw> t>v

= 0, t > 0dX

and the initial condition

T(X90) = r0 for all X

(1)

(2)

(3)

(4)

Deforming Finite-Element Formulation
It is appropriate to discretize the diffusion equation in terms

of deforming finite elements in order to treat the transient steep
gradient of wall heat flux near the boundary of the heated
surface. The spatial shape functions </>j in the Galerkin weak
form of the equations will be time-dependent at every fixed
location X, and can be written as

T(X,t) = j = 1,2,3, . . . ,7 (5)

where the 7} are the N nodal values of the temperature acting
as generalized coordinates of the problem. The time derivative
of the temperature is accordingly discretized as

dT d<t>j
~ (6)

and implies, contrary to conventional fixed-grid formulation,
the time rate of change of the shape function. Using the
isoparametric element and the Langrangian nature of the
finite-element approximation, the term dfyldt is evaluated as7

(7)

The term dX/dt is the mesh deformation velocity and is
continuous throughout the spatial domain. Assembling Eqs.
(6) and (7) yields

dT
dt ''

dX
(8)

The last term in the Eq. (8) can be viewed as a transport term
accordingly for the convective effect of mesh motion.

Following the usual Galerkin procedure, one obtains the
heat-conduction equation in the form of a system of
semidiscretized differential equations in _terms of nodal
temperature, collected in the global vector T as

(9a)

where a_superscript dot denotes time partial differentiation,
and K, Kd, C, and g are the conventional thermal conductivity
matrix, the convective matrix accounting for mesh
deformation, the heat capacitance matrix, and the thermal load
vector, respectively, with typical components of the form

^r,
Jo

j = 2,3,. . . ,7V (9b)

All of these characteristic matrices depend on time and the
unknown surface heat flux qw. Conventional heat-conduction
fixed-grid formulations are simply obtained by omitting the
convective matrix Kd in Eq. (9). Equation (9) is now integrated
in time, using a modified Galerkin scheme4 at time t* as

/* = *„+£** (10)

(H)

where the subscripts denote the corresponding time station.
The value of e is taken as 2/3. This algorithm possesses
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Table 1 Wall heat flux at various grid arrangements

M
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16

r dtA/ at

outer
surface, K

300
300
300
300
300
326
342
356
380
402
425
440
460
479
507
528

Uniform grid

T;,K
658.3
763.4
883.7
971.5

1053.9
1054.6
1028.9
1067.5
1097.4
1132.5
1165.9
1198.9
1231.2
1262.9
1238.5
1252.9

qw x 106,
W/m2 '

3.7155
3.7155
3.7155
3.7155
3.7155
3.7155
2.7008
2.6982
2.7045
2.7047
2.7038
2.6908
2.6829
2.6728
2.0941
2.0856

h, W/m2K

1624.1
1702.3
1801.6
1881.7
1963.9
1964.5
1408.8
1436.9
1463.0
1491.4
1518.9
1539.7
1564.6
1588.1
1226.4
1231.8

Nonuniform grid

T;,K
671.0
765.2
892.9
978.6

1063.7
1067.9
1046.4
1091.8
1124.4
1163.3
1178.7
1231.5
1263.4
1293.6
1253.8
1264.6

qw x io6,
W/m2

3.8462
3.8462
3.8462
3.8462
3.8462
3.8462
2.8486
2.8399
2.8596
2.8583
2.8526
2.8054
2.7758
2.7383
2.0147
1.9815

h, W/m2K

1690.6
1763.4
1873.4
1954.5
2043.4
2044.9
1499.6
1531.6
1569.8
1603.3
1632.6
1636.2
1649.7
1657.1
1190.6
1178.5

T;,K
745.3
877.2

1051.1
1111.6
1072.9
1074.0
1049.5
1081.9
1115.4
1152.2
1188.1
1221.8
1255.1
1286.9
1253.0
1266.7

Deforming grid

qw x IO6,
W/m2

4.5173
4.5173
4.5173
4.5173
4.5173
4.5173
2.8180
2.8201
2.8425
2.8463
2.8451
2.8117
2.7910
2.7640
2.0915
2.0675

«/jfl = heat-transfer coefficient (Bartz).11

h, W/m2K

2052.7
2183.5
2339.5
2462.5
2411.6
2413.1
1485.9
1512.8
1552.8
1586.7
1618.5
1630.8
1650.6
1665.9
1235.4
1231.6

., 10 TU^r. \o.nAc

/^,W/m2Ka

2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2
2254.2

NPD

MOVING GRID,t-U

NONUNIFORM GRID

.002 -004 .006 •O08 .Ofl -OI3
UNIFORM GRID

Fig. 1 Finite slab discretization.

unconditional stability and accuracy and is also free from
oscillatory behavior.8 But in Eq. (11), the surface heat flux qw
is an unknown parameter; thus, the solution of the complete
problem from X = 0 to XM cannot be readily obtained because
the boundary condition is not known but, rather, the
temperature history is known at an interior point XM. In
estimating, one minimizes

(12)

where Tc and TM are, respectively, the calculated and measured
thermocouple temperature at (XM,t). The above-mentioned
minimization scheme is found suitable when a single
thermocouple is used to measure the temperature history and
also a larger time step in the computation is employed in order
to satisfy the larger time interval of measurement. The
calculated temperature is, in general, a nonlinear function of
qw. Hence, to predict the unknown surface condition, an
iteration is required in this method, which is a disadvantage. A
simple procedure approximates at each iteration the calculated
temperature by a Newton-Raphson iteration procedure9 (with
quadratic convergence). This iteration scheme begins with an
initial value of qw and continues until, say, |F| < 10~4.

Deforming Grid Strategy
It is observed that the temperature response at an interior

location or outer surface is delayed and damped with respect to

difficulties in determining the unknown wall heat flux. It stems
from boundary condition (2) that the correct estimation of the
qw will depend heavily on the ability of the deforming grid
technique to represent accurately the interior gradient near the
surface. In many aerospace applications, such as re-entry and
rocket nozzle heat-transfer problems, the sharp fronts in the
temperature distribution are found near the heated surface;
therefore, such a steep thermal gradient must be dealt with
using the deforming grid technique. A fine mesh in the vicinity
of the boundary within the zone of a heat penetration depth6

allows for a suitable and accurate solution to this problem.
This analysis included NPD elements of^he initial (uniform or
nonuniform) grid in a zone 6(f) = (at)* corresponding to the
instantaneous heat penetration depth. The NPD elements are
dilated, and the remaining ones are contracted using the fol-
lowing instantaneous coordinates locations:6

(13)

where m = Npr>, Xm(i) = 6(i) and X? are the initial node posi-
tions with respect to fixed origin. The deforming grid strategy
is carried out in the preceding formulation as long as no tem-
perature rise from the initial temperature is observed by the
thermocouple. Once this delay in the measurement of tempera-
ture history is over, the deforming grid strategy is stopped and
the solution continues with that grid. The heat penetration
depth is an explicit function of time.

Example
Moving-grid finite-element formulation, discussed in the

previous sections, has been utilized for estimation of the wall
heat flux and the surface temperature at the inner surface for a
typical divergent rocket nozzle made of mild steel in conjunc-
tion with the experimentally measured outer surface tempera-
ture data in a static test. The nozzle conditions and material
properties taken are: L = 0.0211 m, TQ = 300 K, Taw = 2946 K,
thermal conductivity (average) = 35 W/m2K, p = 7900 kg/m3,
c = 545 Ws/kg • K, burning time = 16 s. The heat input con-
sists of a convective heat flux at the inner surface (X — 0). The
X = L is insulated. An insulated chromel/alumel thermocouple
of 30 gage was used for measuring the temperature history at
the outer surface. A time delay of 6 s was noticed in the mea-
surement of temperature history.
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In the determination of wall heat flux, three different types of
grid arrangements (namely, uniform, nonuniform, and de-
forming grids) were used in conjunction with the above-men-
tioned Newton-Raphson iteration procedure. An iterative
index is included in the computer program to count the number
of iterations necessary to achieve desired accuracy in the mini-
mization of the function \F\. In each case, 11 nodes and a time
interval of 1 s are taken for computational purposes. In the
case of nonuniform grid, 5 meshes are stretched near the con-
vectively heated surface of the slab while the remaining mesh
covers the rest of the region. Figure 1 shows the mesh move-
ment at each time interval using the heat penetration depth
concept. The numerical computations have been performed on
a CDC 170/730 digital computer. The convective heat-transfer
coefficient can be calculated as

h = qw/(Taw — Ts) (14)

where Ts is the surface temperature. Table 1 depicts predicted
values of wall heat flux, surface temperature, and convective
heat-transfer coefficient using the three different kinds of grid
arrangements. It can be seen from the table that for / < 6 s, the
heat-transfer coefficient obtained using the deforming grid
strategy is in good agreement with the calculated results of
Bartz.11 Thus, the current numerical analysis shows that the
moving-grid finite-element formulation gives an adequate
modeling of the transient steep gradient of wall heat flux near
the boundary of the heated surface. But for t > 6 s, fixed and
deforming grid results tend to coincide since spatial grids
become identical, as shown in Fig. 1. The estimated values of
heat-transfer coefficient calculated using three different type of
grid arrangements are somewhat lower than the calculated
results of Bartz for t > 6 s. The predicted value of the heat-
transfer coefficient shows that the Bartz equation gives a
conservative estimation of the heat-transfer coefficient. This is
also demonstrated in the previous analysis.12 The maximum
number of iterations per step are 11 and 8 for the uniform and
nonuniform grids, respectively, whereas it is reduced to 4 itera-
tions per step in the case of deforming grid. This example thus
reveals that the deforming grid is economical in terms of CPU
time compared to the other type of grid arrangements. This
example also demonstrates that the arbitrary mesh deforma-
tion can be conveniently accommodated in the solution to the
inverse problem of heat conduction. It is also important
to mention here that geometrical conservation is maintained
using nonuniform and deforming grids in the analysis because
the numerical computations are carried out in the physical
plane.

Conclusions
A mesh coupling thermal conductivity matrix with deform-

ing finite-element formulation with heat penetration depth con-
cept is found useful to treat the initial time delay in
temperature response. The deforming grid procedure has
shown itself to reduce substantially the number of iterations
per step to achieve the required tolerance in the analysis of the
inverse heat-conduction problem.
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Approximate Method for Transient
Conduction in Arbitrarily Shaped

Solids with a Volumetric Heat Source
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Introduction

T HE lumped-heat-capacity technique has long been used
to predict transient thermal behavior of solids when the

Biot number is small compared to unity.1 A small Biot number
implies a negligible spatial temperature variation within the
solid. This method, when applicable, is simple and powerful
because it may be applied to any geometry.

In this work, a quasi-steady-state model is considered for
solids with internal heat generation and arbitrary Biot
number. It is assumed that the temperature profile in the solid
at any instant in time is similar to that of the steady state. The
basis of this approach has been explained by Arpaci2 and
parallels that for thermally fully developed internal flows. A
fully developed regime has been identified for unsteady
conduction in solids with convective boundary conditions, but
without heat generation.3 Here, we consider the presence of a
heat source, the steady state becomes analogous to fully
developed internal flow, and the temporal behavior of the
temperature field is contained in the behavior of the mass-
averaged (bulk) temperature. The approach will be shown to
be more accurate than the lumped-heat-capacity technique
and is easily applied to solids with arbitrary shapes.
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